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Abstract. Let Tt(b) denote the de Branges-Rovnyak space associated with a function 
b in the unit ball of H°°(C+). We study the boundary behavior of the derivatives 
of functions in H(b) and obtain weighted norm estimates of the form H/^Hz^^) < 
C||/llw(b)j where / £ 7~l(b) and \i is a Carleson-type measure on C+ U R. We provide 
several applications of these inequalities. We apply them to obtain embedding theorems 
for 7i(6) spaces. These results extend Cohn and Volberg-Treil embedding theorems for 
the model (star-invariant) subspaces which are special classes of de Branges-Rovnyak 
spaces. We also exploit the inequalities for the derivatives to study stability of Riesz 
bases of reproducing kernels {k\ n } in Tt(b) under small perturbations of the points A n . 



1. Introduction 

Let C + denote the upper half-plane in the complex plane and let H 2 (C + ) denote the 
usual Hardy space on C+. For tp G L°°(R), let T v stand for the Toeplitz operator defined 
on H 2 {£ + ) by 

TJ := P+faf), / G H 2 (C + ), 

where P + denotes the orthogonal projection of L 2 (IR) onto H 2 (C + ). Then, for tp G L ao (R), 
IMloo < 1) the de Branges-Rovnyak space 7~C(tp) associated to ip consists of those functions 
in H 2 (C + ) which are in the range of the operator (Id — T^T^) 1 / 2 . It is a Hilbert space 
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when equipped with the inner product 

((Id-T^T^f, (Id-T v T ¥ ) 1 / 2 g) (p = {f,g) 2 , 

where f,gE H 2 (C + ) ker (Id — T^T^) 1 / 2 . In what follows we always assume that tp = b 
is an analytic function in the unit ball of H°°(C + ). In this case, if 



-s 7 h / \ 1 — b(u>)b(z) „ 

(l.i) kl(z) ■.= w e c + , 

z — UJ 

then we have (/, k^) b = 2ixif(uj) for all / e TC(b). In other words, H(b) is a reproducing 
kernel Hilbert space. 

These spaces (and, more precisely, their general vector- valued version) were introduced 
by de Branges and Rovnyak [lH [T5] as universal model spaces for Hilbert space contrac- 
tions. Thanks to the pioneer works of Sarason, we know that de Branges-Rovnyak spaces 
play an important role in numerous questions of complex analysis and operator theory 
(e.g. see jU [23], EH [38], [39]). For the general theory of H(b) spaces we refer to [37] . 

In the special case where b = is an inner function (that is, |0| = 1 a.e. on R), the 
operator (Id—T^To) 1 / 2 is an orthogonal projection and T~C(Q) becomes a closed (ordinary) 
subspace of H 2 (C + ) which coincides with the so-called model subspace 



K 2 e = H 2 (C + ) Q OH 2 (C+) = H 2 (C + ) DQH 2 (C + ) 

(for the model space theory see [2S])- We mention one important particular class of model 
spaces. If e(z) = exp(iaz), a > 0, then H(0) = K% = H 2 (C + )nPW 2 , where PW 2 stands 
for the Paley-Wiener space of all entire functions of exponential type at most a, whose 
restrictions to R belong to L 2 (M). Then the famous Bernstein's inequality asserts that 

||f|| 2 <a||/|| 2 , fePW 2 . 

This classical and important inequality was extended by many authors in many different 
directions. It is impossible to give an exhaustive list of references, but we would like to 
mention [221 M, (Ml ESS HQ] and [2S1 Lecture 28]. 
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Notably, one natural direction is to extend Bernstein's inequality to general model 
subspaces. In [27], Levin showed that if 6 is an inner function and |0'(x)| < oo, £ £ R, 



then for each function / £ Kg = H°°(C + ) n QH°°(C + ), the derivative f(x) exists in the 
sense of nontangential boundary values and 

\f'(x)/e'(x)\ < 



Differentiation in the model spaces Kq := H P (C + ) PI QH' p (C + ), 1 < p < oo, was stud- 
ied extensively by Dyakonov [161 wno showed that the Bernstein-type inequality 
\\f'\\ P < C\\f\\ p , f £ K @ , holds if and only if 0' £ L°°(R). Recently, Baranov El [8] 
has obtained weighted Bernstein-type inequalities for the model subspaces Kq, which 
generalized previous results of Levin and Dyakonov. More precisely, for a general inner 
function 0, he proved estimates of the form 

(1-2) \\f {n) w p , n \\ LP{fl) <C\\f\\ p , feK%, 

where n > 1, fi is a Carleson measure in the closed upper half-plane and w PiTl is some 
weight related to the norm of reproducing kernels of the space K e which compensates 
possible growth of the derivative near the boundary. 

One of the main ingredients in the results of Dyakonov and Baranov was an integral 
formula for the derivatives of functions in Kq. Using Cauchy formula, it is easy to see 
that if is inner, uo £ C+, n is a non- negative integer and / £ K e , then we have 

(1-3) / (n) M = ^ / f(t)l$Jfidt, 

where 



b Q (A ^ p\ K 

I- 4 , == - f =wTT , zeC + . 

n\ (z — uj) n+v 

A natural question is whether one can extend the formula (jl.3p to boundary points xq. If 
xq £ K. does not belong to the boundary spectrum cr(G) of (see the definition in Section 
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5), then and all functions of K e are analytic through a neighborhood of xq and then it 
is obvious that (11.31) is valid for z = xq. More generally, if xq satisfies 



then, by the results of Ahern and Clark pQ (for p = 2) and Cohn [12] (for p > 1), 
the formula (II. 3ft is still valid at the point xq G R for any / G K e (here {zk} is the 
sequence of zeros of and /i is the singular measure associated to 0). Recently Fricain 
and Mashreghi studied the boundary behavior of functions in de Branges-Rovnyak spaces 
Ti.(b) and obtained a generalization of representation (II. 3p [201 |2~T] . 

In the present paper de Branges-Rovnyak spaces are studied from the point of view 
of function theory. Namely, we are interested in boundary properties of the elements 
of Ti.(b) and of their derivatives, and we establish a number of weighted Bernstein-type 
inequalities. Our first goal is to exploit the generalization of representation (I1.3P and 
obtain an analogue of Bernstein-type inequality fll.2[) for the de Branges-Rovnyak spaces 
7Y(6), where b is an arbitrary function in the unit ball of if°°(C + ) (not necessarily inner). 
It should be noted that the inner product in Ti.(b) is not given by a usual integral formula. 
This fact causes certain difficulties. For example, we will see that one has to add one 
more term to formula (11.31) in the general case. In what follows we try to emphasize the 
points where there is a difference with the inner case, and suggest a few open questions. 

Our second goal is to provide several applications of these Bernstein- type inequalities. 
The classical Carleson embedding theorem gives a simple geometrical condition on a 
measure /i in the closed upper half-plane such that the embedding H P (C + ) C L p (fi) 
holds. A similar question for model subspaces K e was studied by Cohn [TT] and then by 
Volberg and Treil [12]. An approach based on the (weighted norm) Bernstein inequalities 
for model subspaces K@ was suggested in [6]. Given b in the unit ball of if°°(C + ), we 
describe a class of Borel measures /i in C + U M such that 7i.(b) C L 2 (fi). We obtain 



(1.5) 
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a geometric condition on \i sufficient for such embedding. This result generalizes the 
previous results of Cohn and Volberg-Treil. 

Another application concerns the problem of stability of Riesz bases consisting of re- 
producing kernels of 7i(b). This problem is connected with the famous problem of bases 
of exponentials in L 2 on an interval which goes back to Paley and Wiener [30] . Exponen- 
tial bases were described by Pavlov [31] and by Hruschev, Nikolski and Pavlov in [24], 
where functional model methods have been used. This approach has been proved fruitful; 
it has allowed both to recapture all the classical results and to extend them to general 
model spaces (for a detailed presentation of the subject see [29]). Fricain has pursued this 
investigation with respect to bases of reproducing kernels in vector-valued model spaces 
[T8] and in de Branges-Rovnyak spaces [19] where some criteria for a family of repro- 
ducing kernels to be a Riesz basis were obtained. However, the criteria mentioned above 
involve some properties of a given family of reproducing kernel that are rather difficult 
to verify. On the other hand, in many cases, the given family is a slight perturbation of 
another family of reproducing kernels that is known to be a basis. This gives rise to the 
following stability problem: Given a Riesz basis of reproducing kernels (k\ ) n >i ofH(b), 
characterize perturbations of frequencies (\ n ) n >\ which preserve the property to be a Riesz 
basis. 

This problem was also studied by many authors in the context of exponential bases 
(see e.g. [25[ [36]) and of model subspaces Kq EH HE]- In the present paper, using the 
weighted norm inequalities (jl.2p we extend the results about stability in pseudohyperbolic 
metrics from [3, EH] to de Branges-Rovnyak spaces. 

The paper is organized as follows. Sections 2 and 3 contain some preliminaries concern- 
ing integral representations for the n-th derivative of functions in de Branges-Rovnyak 
spaces. In Section 4 we prove our first main result, a Bernstein-type inequality for 7i(b). 
Section 5 contains some estimates relating the weight u> Pi „ involved in Bernstein inequal- 
ities to the distances to the level sets of |6|. Section 6 is devoted to embedding theorems. 
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Finally, in Section 7 we apply the Bernstein inequality to the problem of stability of Riesz 
basis of reproducing kernels in H(b). 

In what follows, the letter C will denote a positive constant and we assume that its 
value may change. We write / x g if C\g < f < C^g for some positive constants C\, C-i. 
The set of integers 1, 2, • • ■ will be denoted by N. 

2. Preliminaries 

Let b be in the unit ball of H°°(C + ) and let b = Bl^Ob be its canonical factorization, 
where 

B{z) = 

r r 

is a Blaschke product, the singular inner function 1^ is given by 

W = exp [iaz - 1 ^ (_L + j dl i{t) 

with a positive singular measure \i and a > 0, and Of, is the outer function 

0i(2)=exp G/,(^ + ^Tl) log|, ' (()l<i( )- 

Then the modulus of the angular derivative of b at a point x G R is given by 

fo-n it// \ I , \- 2Imz r 1 [ Mf) 1 /• | log |6(*)| | 

(2.1) \b{x)\ = a+y.- i2 + ~/l 7vI + ~ i 7i2 d *- 

Hence, we are motivated to define 

(2.2) ^):.£J- + /»*. 
and 



£„(&) :={i6l: S n (x) < +oo}. 

The formula (12.11) explains why the quantity S2 is of special interest. 
We will need the following simple estimate. 

Lemma 2.1. For any x G R, y > 0, we have \b'(x + iy)\ < \b'(x)\. 
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Proof. Let z = x + iy, y > 0, and assume that b is outer, 
Then 

and clearly 

by (12. ip . The estimates for inner factors are analogous and left to the reader (recall that 
= |0' 6 (x)| + + \B'(x)\, x G E). 

□ 

Ahern and Clark [2] showed that if Xq G E n (b), then 6 and all its derivatives up to order 
n— 1 have (finite) nontangential limits at xq. In [20J, we showed that if xq G E2 n +2{b) where 
n G Z + = NU {0}, then, for each / G 7~C(b) and for each < j < n, the nontangential 
limit 

/&)(*„) := Jim, /<»(*) 
< 

exists. This is a generalization of the Ahern-Clark theorem [1] for the elements of model 
subspaces Kq, i.e. for the case when b = 6 is an inner function. Moreover, for every 
z G C + U E 2n+ 2(b) and for every function / G 7Y(6), we obtained in [2TJ the following 
integral representation for f^(zo). Let p{t) = 1 — |fr(£)| 2 and let H 2 (p) be the span of 
the Cauchy kernels k z , z G C+, in L 2 (p) (recall that k z (u) = (u — ~z)~ 1 )- Consider the 
operator 

f p :L\p) — H 2 (C + ) 
q i — ► P+(qp). 

We know from [37J II-3, III- 2] that if / G 7~C{b) then there exists a (unique) function g in 
H 2 (p) such that T^/ = T p g. It was shown in [21] that, for z G C + U E 2n +2(b), n G Z + , 
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we have 



(2.3) fW(z ) = ^- {^Jjm ,nit)dt+ I g(t)p(t)k 

where k b n is the function in H(b) defined by 



1_6 (*) l^—f\ — ( z - z o) 

(2-4) k b Z()n {z):= ^ — , ze 

and k p n is the function in L 2 (p) defined by 



Note that if & is inner, then p = and thus (I2.3I) reduces to ( ll. 3ft which was the key 
representation formula used in [5j El [16], Q2] to obtain Bernstein-type inequalities for model 
subspaces Kq. If n — then fcj^ corresponds to the reproducing kernel of 7i(6) defined 

m dnj. 

3. A NEW REPRESENTATION FORMULA FOR THE DERIVATIVES 

We start with a slight modification of the representation ( 12. 31) for n6N. 

Proposition 3.1. Lei b be in the unit ball of H°°(C + ). Let z G C + U E 2n +2(b), n G N, 
and let 



e;= (-lyyfr W) 



(3-1) ^ 0> n(0 == &(«>) T ^/ . * e R. 



T/ien (^ ) G # 2 (C+) and j^ Qn G L 2 (p). Moreover, for every function f G 'Hib), we 
have 



(3.2) /(»>(*,) = (J k * + / 9(fVP;,4*) * 

where g G H 2 (p) is such that T^f = T p g. 
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Proof. Let dj = b^(z )/j\. Then 



1 - b(z )b(z) - b(z) a,j(z - z ) J 



1 — b(z )b(z) . . Oj- 



Hence, multiplying by (1 — &(2 )&(z)) , we obtain 

i 

(3-3) = (l-b(^)b(z)Yk b Zo/ (z)+b(z) ^a-il-bfajbWY-Hk 

j'=i 



Since z G C + U£ , 2 n+2(^), according to [2D, Proposition 3.1 and Lemma 3.2], the functions 
k and k\ g (1 < £ < n) belong to Ti(b). Hence, using the recurrence relation (13 .3[) and 



that 1 - b{z )b(z) E H°°(C + ), we see immediately by induction that (k b Zo ) n+1 E H 2 (C + ). 
We prove now that & p n E L 2 (p). Write 8? n {t) = (t - ^)- (n+1 VW, with 



3=0 

Since (p E L°°(R), it is sufficient to prove that (t -^)"( n+1 ) E L 2 (p). If z E C + , this fact 
is trivial and if zq E E2 n +2(b), the inequality 1 — x ^ | loga;|, x E (0,1], implies 

'-l»)P., <2 /M|| j(<+0O 



|i-zol 2 "+ 2 i«|(-^l 2 "+ 2 
which is the required result. 

It remains to prove (I3.2p . Let ift be any element of H 2 (C + ). According to (12.31) . we 
have 

o 77-7 

- r f in) (z )=(f,k b Z0!n )2 + (P9,k p ZOtn h 



(f,K ,n-Wh + (bf,iPh + (pg,K 0>n ) 



2- 
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But we have T^f = T p g, which means that bf — pg _L H 2 (C + ). Since tp G H 2 (C + ), it 
follows that (bf, 1^)2 = (pg,^P)2- Hence the identity 

(3-4) ^p/ (B) («0 = </, k b zo , n ~ + {pg, + ^> 2 

holds for each ip G iJ 2 (C + ). A very specific -0 gives us the required representation. To 
find ^ note that, on one hand, we have 



where 

On the other hand, we easily see that 



{t-x) n+i 



b(z ) - j - : = , B (t). 



(t-*o)»+ 

Therefore, (13. 2p follows immediately from (13.41) . 



□ 



We now introduce the weight involved in our Bernstein-type inequalities. Let 1 < p < 2 
and let q be its conjugate exponent. Let n G N. Then, for z G C + , we define 

|| (k b ) n+1 ||~P n /(P n+1 ) Hp 1 / 9 ^ ||-pn/(pn+l) I . 



w p ,n(2;j := mm 



we assume w Ptn (x) = 0, whenever x G K and at least one of the functions (^) n+1 or 
p x l q $P xn is not in L 9 (Kf). In what follows we will write w p for w Pi i. 

The choice of the weight is motivated by representation ( 13.21) which shows that the 
quantity max 

{\\( kb z) II 2, I|p 1/2 ^,nll2} is related to the norm of the functional / 1— > /'(z) 
on 7i(b). Moreover, we strongly believe that the norms of reproducing kernels are an 
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important characteristic of the space Ti(b) which captures many geometric properties of 
b (see Section 5 for certain estimates confirming this point). 

Using similar arguments as in the proof of Proposition 13.11 it is easy to see that 
p 1/q ^ n G L q (R) if x G E q{n+ i)(b). It is also natural to expect that (k b x ) n+1 G L q (R) 
for x G E q r n+ i-\(b). This is true when b is an inner function, by a result of Cohn [12], and 
for a general function b with q = 2 by ( 13. 31) and [20], Lemma 3.2]. However, it seems that 
the methods of p2] and [20] do not apply in the general case. 

Question 3.2. Is it true that for i£R, {k b x ) n+1 G L q (R) if x G £q (n+1) (&)? 

Remark 3.3. If / G H(b) and 1 < p < 2, then (f^w p>n ) (x) is well-defined on E. It 
follows from the [20] that f^ n '(x) and iu P)n (x) are finite if S 2n +2(x) < +oo. If S 2n +2{ x ) = 
+oo, then ||(^) n+1 ||2 = +oo. Hence, = +oo which, by definition, implies 

u) P ,n(x) = 0, and thus we may assume (f^w Ptn )(x) = 0. 



Remark 3.4. In the inner case, we have p(t) = and the second term in the definition 
of the weight w p>n disappears. It should be emphasized that in the general case both 
terms are essential: below we show (Example 14.21) that the norm \\p can not be 

majorized uniformly by the norm 



b\ n + 1 \ 



'/• 



Lemma 3.5. For 1 < p < 2, n G N, there is a constant A = A(p,n) > such that 

(lmz) n 



Wp,n( z ) > A 



[1 - \b(z)\)^+v 



z G C, 



Proof. On one hand, note that 
\\{k b z ) n+1 \\l = 



l-b(z)b(t) 



t-z 



(n+l)q 



dt < 



C 



C 



k b \\l<C 



(I m ^)(n+l)?-2 

l-\b{z)\ 



1 - b(z)b(t) 



t-z 



dt 
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On the other hand, we have 



\p 1,q S£A\l 



&(*)E3U (JSK-WsM*) q 



(t-z 



n+1 



"2, nil q 



(Imz)( n+1 )?- 2 J R \t-z 
If 1 < 1/2, then we obviously have 

\t — z\ 2 Im 2 

and if \b(z)\ > 1/2, using 1 - |6(t)| < I log|6(t)||, we get 



[l-\b(t)\ 2 )dt 



since |0&(z)| > > 1/2. We recall that is the outer part of 6. Therefore, in any 

case we have 



and we get 



\t — zr Im z 



,i/ 9 ep ||«< g LlMj 
z ' n " 9 - (Imz)W 



To complete the proof, it suffices to note that — — - — = n , 

L r q p p 



(n+l)q-l _ „ _l 1 _ np+l 

□ 



Representation formulae discussed above reduce the study of differentiation in de 
Branges-Rovnyak spaces Ti{b) to the study of certain integral operators. 

4. Bernstein-type inequalities 

A Borel measure \x in the closed upper half-plane C + is said to be a Carleson measure 
if there is a constant C u > such that 



(4.1) 



fi(S(x,h) ) <C^h, 
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for all squares S(x, h) — [x, x + h] x [0, h] , x £ M, h > 0, with the lower side on the real 
axis. We denote the class of Carleson measures by C. Recall that, according to a classical 
theorem of Carleson, \i £ C if and only if H P (C + ) C L p (fi) for some (all) p > 0. 
One of our main results in this paper is the following Bernstein-type inequality. 

Theorem 4.1. Let /i £ C, let n £ N, let 1 < p < 2, and let 

{T p , n f){z) = f n \z)w p , n {z), feH(b). 

If 1 < p < 2, then T pn is a bounded operator from 7i{b) to L 2 (fi), that is, there is a 
constant C = p, n) > such that 

(4.2) ||/ (n) ^,n||L^)<C||/|| fe , feH(b). 

If p = 2, then T2 >n is of weak type (2,2) as an operator from T~C(b) to L 2 (/j,). 

Proof. According to Proposition 13.11 for all z £ C + and any function / £ H(6), we have 

(4.3) ^fW(z)w p , n (z)=w p>n (z) [ f(t)(k b J^(t)dt + w p>n (z) [ g(t)p(t)M^t)dt. 



Let 

:= ||(^) n+1 ||- p " /(p " +1) , wfl{z) := \\p l/q K,n\\7 nliPn+l) i 
where we assume that w p %(z) = if the corresponding integrand is not in L q (R), and put 
hi(z) = (w^n{z)) l l n , % = 1,2. We remind that 

w Pin (z) = mm{w£l(z), wj®(z)}. 

We split each of the two integrals in (14 .3ft into two parts, i.e. 

—f^(z)w p , n {z) = hf(z) + I 2 f(z) + I 3 g(z) + hg(z), 

where 



hf(z)=w p , n (z) / f(t)(k b z )^(t)dt, 

'\t-z\>hi(z) 



hf{z) = w p , n { Z ) / f(t)(k b z r+\t)dt, 

J\t-z\<hi(z) 
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hg{z) = w Pin (z) / g(t)p(t)& p Z:n (t)dt, 

J\t-z\>h 2 (z) 



hg(z) = w p . n (z) I g(t)p(t)S%, n (t)dt. 

J\t~z\<h 2 (z) 



Note that by Lemma [3. 5[ hi(z) > A Imz, z G C+, % = 1,2. Hence, 

\hf{z)\ <Cfq{z) I jT%idt 

J\t-z\>hi(z) \ t ~ Z \ 

<ChAz) [ JJ^idt, 



\t-z\>h!(z) 



\t-Z 



and 

MM* 

J\t-z\>h 2 (z) \ l — Z \ 

< ch2{z) [ WS!^*. 

J\t-z\>h 2 (z) ft — Z \ 

Using P Theorem 3.1], we see that I x : L 2 (R) — ► L 2 (p) and I 3 : L 2 (p) — ► L 2 (p) are 
bounded operators. To estimate the integral I%f, put 

b\n+l. 



K(z,t) := hUz)\(kT +L (t)\. 



Then 



!l^,-)ll7=(^i(^))^ n ll(^) n+1 !ir p 



Thus 

|J a /(s)| < K(z) [ \f(t)\\(k b z) n+ \t)\dt= [ \f(t)\K(z,t)dt. 

J\t-z\<hi{z) J\t-z\<\\K(z,-)\\-P 

Since ||iir(,z, •)||~ p = h±(z) > Almz, we may apply [6j Theorem 3.2]. Therefore, the 
operator I 2 is of weak type (2, 2) as an operator from L 2 (IR) to L 2 (p) if p = 2 and it is a 
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bounded operator from L 2 (M) to L 2 (p) if 1 < p < 2. To estimate the integral I^g, we use 
the same technique and put 

k(z t) ■= ^WI^U*)! 

Wnlh&P \\P n /(P n+l )' 
\\P ' -H-z^n || q 

In other words, n(z,t) = wfl{z)p l/q {t)\^ n {t)\. Thus 

\hg(z)\ < wfl{z) I \g(t)\p(t)\^ n (t)\dt 

J\t-z\<h 2 (z) 

\g{t)\p^{t)K{ Z) t)dt. 

\t-z\<h 2 (z) 

But \\k(z,-)\\- p = {wfl{z)y p \\ P l lmPj\^ = h 2 {z). Hence, we get 

\hg{z)\ < [ \g(t)\p^(t)K( Z ,t)dt. 

J\t-z\<\\K(z,-)\\-* 

Since p < 2 and p(t) < 1, we have 

\hg{z)\ < [ \g(t)\p^ 2 (t)K(z,t)dt, 

J\t-z\<\\K(z,-)\\^ 

and since \\k(z, = h^{z) > A Imz, we may apply again [6], Theorem 3.2]. Therefore, 
the operator 1^ is of weak type (2, 2) as an operator from L 2 (p) to L 2 (p) if p = 2 and it 
is a bounded operator from Z/ 2 (p) to L 2 (p) if 1 < p < 2. 
To conclude it remains to note that 

11/112 = 11/112 + 11* 

which implies that the operators /•—>•/ from T~i(b) to if 2 (C + ) and / 1— > (7 from 7i(6) to 
L 2 (p) are contractions. 

□ 

Example 4.2. We show that for a general function b both terms in the definition of 
the weight important. Obviously, for an inner b the norm ||/0 1 ' 9 ^ n ||g vanishes. 

However, for some outer functions b it may be essentially larger than || (/^) n+1 ||,j- 
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Let e 6 (0, 1) and let b be an outer function such that \b(t)\ = e for |t| < 1 and \b(t)\ = 1 
for \t\ > 1. Note that b(z) = exp y — ^ log e log f^jj , where log is the main branch of the 
logarithm in C \ (— oo, 0]. We show that 



(4.4) 



sup ■ 

^>o ll(*y 2 || s 



oo as e — ► 1—, 



and so, the second term in the weight w Pj x can be dominating. Note that b(iy) — > e and 
b(t) — > e, as y — > 0+ and \t\ < y^. Hence, for a fixed e and sufficiently small y > we 



have 



l*l<v^ 



/ 


1 - b(iy)b(t) 


'I*l<v/s7 


t + 



2g 



dt < C(l -e 



|2<Z 



(ft 



l*l<^ 



|t + iy\ 2 i' 



Thus 
(4.5) 
whereas 
(4.6) 

On the other hand, 
and so 





1 - b(iy)b(t) 


/ 


t + iy 


s 


1 - b{iy)b(t) 


J\A>Vv 


t + iy 




p 1/q K,i 


\ q 9 ~Wiy)\ q j 



2q 



dt < c 



:i-^) 2g 

7/29-1 ! 



2q 



dt < Cy-i +1 ' 2 . 



2 - b(iy)b{t) 
(t + iyf 



l-e 



\t + iy\ 2 i y 2( i~ 1 ' 
Combining the last estimate with (14.51) and (14. 6p . we obtain (14.41) . 

Remark 4.3. It should be emphasized that the constants in the Bernstein-type inequal- 
ities corresponding to Theorem 14.11 depend only on p, n and the Carleson constant C M of 
the measure /x, but not on b (the properties of b are contained in the weight w Psn in the 
left-hand side of (jOl ). 
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Remark 4.4. All the results stated above have their natural analogues for the spaces 
Tt(b) in the unit disc. In particular, Theorem 14.11 remains true when we replace the 
kernels for the half-plane by the kernels for the disc. The case of inner functions in the 
disc is considered in detail in [8] . 

Remark 4.5. An important feature of the de Branges-Rovnyak spaces theory is the 
difference between the extreme (i.e. b is an extreme point of the unit ball of H°°(C+)) 
and the non-extreme cases. Our Bernstein inequality applies to both cases. However, in 
the extreme case one can expect more regularity near the boundary and this situation is 
more interesting for us. 



To apply Theorem I4.1[ one should have effective estimates for the weight w p>n , that 
is, for the norms of the reproducing kernels. In this section we relate the weight w PtTl to 
the distances to the level sets of We start with some notations. Denote by a(b) the 
boundary spectrum of b, i.e. 



Then, for b = Bl^Ob, Clos a(b) is the smallest closed subset of M containing the limit 
points of the zeros of the Blaschke product B and the supports of the measures /i and 
\og\b(t)\dt. It is well known and easy to see that b and any element of Ti(b) has an 
analytic extension through any interval from the open set R \ Closcr(6). 
For e G (0, 1), we put 



5. Distances to the level sets 




Q(b, £ ) := {zeC + : \b(z)\ < e}, 



and 



n(b,e) :=a(b)un(b,e), 
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where a (b) is the boundary spectrum of b. Finally, for x G R, we introduce the following 
three distances 

do(x) := dist (x, cr(b)), 
d e (x) := dist (x, Q(b, e)), 
rf e (x) := dist (x, fl(b, e)). 
Note that whenever 6 = © is an inner function, for all x G cr(0), we have 

liminf |6(z)| = 0, 

and thus d £ (t) = d e (t), t G R. However, for an arbitrary function 6 in the unit ball of 
H°°(C+), we have to distinguish between the distance functions d e and d £ . 

Lemma 5.1. There exists a positive constant C = C(e) such that, for all x G R \ cr(b), 

\b'(x)\<C(d £ (x))-\ 

Proof. For the case of an inner function the inequality is proved in [61 Theorem 4.9]. 
For the general case, let b = iftOft be the inner-outer factorization of b. Since = 
| it (a;) | + | Oft (x) |, iGl \ o~(b), we may assume, without loss of generality, that b is outer. 
Recall that in this case 

Jr \t-X\ 2 

Fix x G R \ o~(b) and suppose < y < do(x). Let z = x + iy. Then 

log i _ y r l lQ gl^)l| it _ y r I log m\ I dt 

Since \t — z\ < |t — x| + y < 2\t — x\ whenever \t — x\ > do(x), we have 

, i . y f I \Kt)\ I 

log T7TTT — 1 — / i — i • 

\b{z)\ 4n J\ t _ x \> M x) \t-x\ 2 4 

Hence 

(5.1) \b(x + iy)\<exp(-y\b'(x)\/4), 
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provided that < y < do(x). 

Let C = 41oge _1 . If \b'(x)\ < C/\do(x)\, then the statement is valid since d e (x) < do(x). 
On the other hand, if | ^(a;) | > C/\d (x)\, then we consider the point z = x + iC/\b'(x)\ for 
which Imz = C/\b'(x)\ < do(x). Hence, by (15. ip . we have \b(z)\ < e which immediately 
implies d e (x) < C/\b'(x)\. 

□ 



Lemma 5.2. For each p > 1, n > 1 and e G (0, 1), there exists C = C(e,p,n) > such 
that 



(5.2) 

for all x 6 R and y > 0. 



(d £ (x)) n < Cw Pt n(x + iy), 



Proof. Let z = x + iy, y > 0. Assume that x E R \ cr(&) (otherwise d £ (x) = and (15.21) is 
trivial). Since —(n + l)q + 1 = —q ! ^p- ) the estimate (I5.2p is equivalent to 

l-bjz)b(t) {n+1)g 



(5.3) 
and 

(5.4) 



t-z 



dt < C(d £ {x))- {n+1)q+1 , 



(t-z) 



n+l 



p(t)dt<C(d £ (x))~ {n+1)q+1 . 



Inequality (15. 4p is obvious, since pit) = if \t — x\ < d £ (x). To prove (I5.3p . we estimate 
separately the integrals over {t : \t — x\ < d £ (x)/2} and {t : \t — x\ > d £ (x)/2}. Obviously, 

(n+l)q 

dt < C(d £ (x))~ {n+1)q+1 . 



1 . 


1 - b(z)b(t) 


l\t-x\>d e (x)/2 


t-z 



Since \b(t)\ = 1 if \t — x\ < d £ (x)/2, for the second integral we have 



\t-x\<d e (x)/2 



1 - b(z)b(t) 



t-z 



(n+l)q 



dt 



\t-x\<d e (x)/2 



b(t) - b(z) 



t-z 



(n+l)q 



dt 



< d £ (x) max \ b (u)\ 



!(iA\( n+1 )i 
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where the maximum is taken over u G \t,z] with \t — x\ < d e (x)/2 (by [t,z] we denote 
the straight line segment with the endpoints t and z). Note that for such u we have 
|Reu — x\ <d £ (x)/2. By Lemma 5.2, \b'(u)\ < |6'(Ren)|, and hence, 

(n+l)q 

dt<d e {x) max \b' {t)\ {n+1)q . 

\t-x\<d e {x)/2 

According to Lemma 5.1, \b'(t)\ < Ci(c? £ (t)) _1 < C2{d e {x))~ l whenever \t — x\ < d E {x)/2 
which leads to the required estimate. 

□ 

Corollary 5.3. For each e G (0, 1) and n G N, there exists C = C(e,n) such that 

||/ (n) ^|| 2 <C||/|| b , fenib). 
Proof. The statement follows immediately from Lemma 15.21 and Theorem 14.11 

□ 

We conclude this section with a a corollary of our Bernstein inequalities, concerning 
the regularity on the boundary for functions in 7i{b). This technical result will be used 
later. 

Corollary 5.4. Let I = [x , x + y ] be a bounded interval on R, 1 < p < 2. Assume that 
Then we have 

a) ]xo, Xq + yo[ (1 a(b) =0. In particular, each function f in7i{b) is differentiate on 
]x ,x + y [- 

b) b is continuous on the Carleson square S(I) = [x ,x + yo] x [0, y ]. 

Proof, a) According to Theorem 14.11 there is a constant C > such that 

/ \f'(x)w p (x)\ 2 dx<C\\f\\l feHib). 
Jr 



1 - b(z)b(t) 



\t-x\<d F (x)/2 



t-z 
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Then, using (15.51) and the Cauchy-Schwartz inequality, we get /' G L 1 ^) for any / G TC(b). 
Now choose 2 G C + such that b(z) ^ and take / = k z . We have 

f{x) = -b&^l - ^4 
x — z x — z 

and, since k b z G L 1 ^), we conclude that 

rxo+Ua 

(5.6) / |&'(x)|cfe < +00. 

Now it follows immediately from the formula (12.11) for |6'( a; )l that A5.6j) implies ]xo,a;o + 
yo[r\a(b) = 0. As a matter of fact, this is obvious for the outer and the singular inner 
factors since jj(x — t)~ 2 dt = 00 for any x G I; and if 6 is a Blaschke product with zeros 
z r tending to x G]xo, £0 + Uo[, then, for sufficiently large r, 



-dx > n, 



and so the integral in (15.61) diverges. 

b) By statement a), b is continuous on S(I) except possibly at the points xq and xo + yo- 
It remains to show that b is continuous at Xq and Xq + yo. Fix x± G]xo, Xq + yo[ an d define 

6(x ) := &(^i) — / b'(x)dx. 

Jxo 

(Note that this definition of b(xo) does not seem to correspond to the classical one with 
non-tangential limits but, in fact, as we will see at the end, they coincide). Since b is 
differentiable on ]xq, xq + yo[, this definition does not depend on the choice of x\ and we 
see from (15.61) that b(x) tends to b(xo) as x — > xq along /. Now let z = x + iy G S(I), with 
x G [x ,x + y /2[, y e]0,y /2[. Write b(z)-b(x ) = b(x + iy) -b(x + y) + b(x + y) -b(x ). 
Using the continuity of b at x$ along /, we have b(x + y) — b(xo) — > 0, as x — > xo and 
y — >• 0. Moreover, since b is analytic on C + U ]xq, xo + yo[, we can write 

b{x + y) - b(x + iy) = (1 - i)y [ b'(t(x + y) + (l-t)(x + iyj) dt. 
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Applying Lemma [2. 11 we get 

-x+y 



nx+y 

\b(x + y) - b(x + iy) \ < V2 / \b'(u) | du. 

J X 



According to (I5.6p . we deduce that b(x + y) — b(x + iy) — > 0, as x —> xq and y — > 0. 
Therefore, b(z) — > b(x ), as z — > x , z e 5'(/). □ 



6. Carleson-type embedding theorems 

Weighted Bernstein-type inequalities of the form ( jl.2p turned out to be an efficient tool 
for the study of the so-called Carleson-type embedding theorems for the shift-coinvariant 
subspaces Kq. More precisely, given an inner function O, we want to describe the class of 
Borel measure /i in the closed upper half-plane C + such that the embedding Kq C L p (fi) 
takes place. In other words, we are interested in the class of Borel measure fi in C + such 
that there is a constant C satisfying 

WfhHM) < C\\f\\ P , 

for all / G Kq. This problem was posed by Cohn in [IT] . In spite of a number of 
beautiful results (see, e.g., [HI d21 ESI S2]), the question still remains open in the general 
case. Compactness of the embedding operator is also of interest and is considered in 

ma nam]. 

Methods based on the Bernstein-type inequalities allow to give unified proofs and es- 
sentially generalize almost all known results concerning these problems (see [HJ [8] ) . Here 
we obtain an embedding theorem for de Branges-Rovnyak spaces. In the case of an inner 
function the first statement coincides with a well-known theorem due to Volberg and Treil 

S3. 

A Carleson measure for the closed upper half-plane is called a vanishing Carleson mea- 
sure if fi(S(x,h))/h — > whenever h — > or dist (S(x, h), 0) — > oo. Vanishing Carleson 
measures in the closed unit disc are discussed, e.g., in [33]. An equivalent definition for a 
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vanishing Carleson measure v in the disc is that 

f 1 - M 2 

/_ h =712^(0 — * °> as |z| ^ 1. 

Changing the variables to the upper half-plane with \w + i\~ 2 dfi(w) = du(Q, we obtain 

Imz 

djiyw) — > 0, 



\w — z 



whenever either Im z — > or \z\ — > +oo. It is easily seen that this condition is equivalent to 
the above definition of a vanishing Carleson measure. It is well known that an embedding 
H P (C + ) C L p (fi) is compact if and only if /x is a vanishing Carleson measure. 

Theorem 6.1. Let fi be a Borel measure in C + , and let e G (0, 1). 

(a) Assume that fi(S(x, h)) < Kh for all Carleson squares S(x, h) satisfying 

S(x, h)nn(b,e) + 0. 
Then H(b) C L 2 (fi), that is, there is a constant C > such that 

ll/IU^) < C||/|| 6 , feH(b). 

(b) Assume that \i is a vanishing Carleson measure for 7i{b) , that is, fi(S(x, h))/h — > 
whenever S(x,h) PI Q(b, e) ^ and h — > or dist(S'(x, h), 0) — > +oo. Then the 
embedding 71(b) C -^ 2 (yLt) zs compact. 

In Theorem 16.11 we need to verify the Carleson condition only on a special subclass 
of squares. Geometrically this means that when we are far from the spectrum cr(b), the 
measure /i in Theorem [671] can be essentially larger than standard Carleson measures. The 
reason is that functions in 71(b) have much more regularity at the points x G M\ Clos<r(&) 
where \b(x)\ = 1. On the other hand, if \b(x)\ < 6 < 1, almost everywhere on some 
interval /cK, then the functions in 7i(b) behave on I essentially the same as a general 
element of H 2 (C + ) on that interval, and for any Carleson measure for 71(b) its restriction 
to the square S(I) is a standard Carleson measure. 
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We will see that, for a class of functions b, the sufficient condition of Theorem 16.11 is 
also necessary. However, it may be far from being necessary for certain functions b even 
in the model space setting. 

By a closed square in C+, we mean a set of the form 

(6.1) S(x ,y , h) := {x + iy: x < x < x + h, y < y < y + h}, 

where xo G ffi, yo > and h > 0; by the lower side of the closed square S(xo,yo, h) we 
mean the interval {x + iyo : xq < x < xo + h}. 

We deduce Theorem 16 . 1 1 from the following more general result. Recall that 

w p (z) = w Ptl (z) = min(\\(kl)%^ +1 \ Wp^KJ^^)- 

Theorem 6.2. Let {Sk}k>i be a sequence of closed squares in C+, let Ik denote the lower 
side of the square Sk, and let Si k be the Lebesgue measure on Ik- Assume that the squares 
Sk satisfy the following two conditions: 

(6.2) $>* GC ' 

k 

and, for some p, 1 < p < 2, 

(6.3) sup |ifc| / w~ 2 (u)\du\ < oo. 

k>l,y>0 J S k n{lmz=y} 

Let fi be a Borel measure with supp fi C |J Sk ■ Then 

k 

(a) ifn(S k ) < C\I k \, then H(b) C L 2 (/i). 

(b) if, moreover, Ik H Closcr(6) = ; k > 1, and (i(Sk) = o(\Ik\), k — * oo, then the 
embedding T~C(b) C L 2 (fi) is compact. 

For the model subspaces a result, analogous to Theorem 16. 2[ was obtained in [6j The- 
orem 2.2]. For the sake of completeness, we include the proof. 
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Proof, (a) The idea of the proof is to replace the measure \x with some Carleson measure 
v, and to estimate the difference between the norms H/Hl 2 ^) an d ||/||l 2 (i/) using the 
Bernstein-type inequality of Section 4. 

It follows from Corollary 15 .41 (b) that the set of functions / G Tl(b) which are continuous 
on each of Sk is dense in H(b) (take the reproducing kernels k b z , z G C + ). Thus it is 
sufficient to prove the estimate ||/||l 2 (^) < C||/||f> only for / G H(b) continuous on [j Sk- 

k 

Now let / G 7~C{b) be continuous on each of Sk- Then there exist Wk G Sk such that 



(6-4) ||/||| 2(/i) < < sup ^-f • £ \f(w k )\ 2 \Ik\- 

, k Ufc , 

k k 

Statement (a) will be proved as soon as we show that 
(6-5) EI/K)IUI<C1I/II^ 

k 

where the constant C does not depend on / and on the choice of Wk G Sk- 

Consider the intervals = Sk H {Imz = Imwk}- Let v = ^2i.Sj k . Then it follows 
from (16. 2p that v G C (and the Carleson constants C v of such measures v are uniformly 
bounded). We have 

(6.6) (Ei^*)i 2 i J *i) la ^ii^M + (E / i/w-/ni 2 n) 1/2 . 

and 11/11^) ^Cxll/Ila^dll/Ht. 

We estimate the last term in (16.61) . For z G denote by [z, Wk] the straight line interval 
with the endpoints z and Wk- Then f(z) — f(wk) = J\ ZWk ] f'(u)du (in the case 4 C K 
note that, by Corollary 15.41 (a), any / G H(b) is differentiable on J k except, may be, at 
the endpoints). So, by the Cauchy-Schwartz inequality, 

W \f(z)-f(w k )\ 2 \dz\<J2[ [ \f(u)\\du\ \dz\ 

k J Jk k k k 
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By (16.3ft . we obtain 

E/ \m-f(w k )\ 2 \dz\<c 2 j2 [ \f\u)\w p {u)\du\ 

k k k k 

= c 2 \\fw p \\i^ ) <cmi 

where the last inequality follows from Theorem 14.11 

(b) For a Borel set E C C + define the operator X E :TC(b) —> L 2 (fi) by X E f = xe! where 

N ^ 

Xe is the characteristic function of E. For N £ N put F/v = |J Sk and F/v = C + \ E^. 

k=l 

As above we assume that / £ 7~C(b) is continuous on {JS k - Then it follows from (16.41) and 

k 

( 1631) that 

/ \f\H^<C sup 

and so ||Xp || — ► 0, AT — > oo. Statement (b) will be proved as soon as we show that 
X Fjv is a compact operator for any N (thus, our embedding operator X En + Xp N may be 
approximated in the operator norm by compact operators Xp N ). Clearly, it suffices to 
prove the compactness of Xs k for each fixed k. 

We approximate X$ k by finite rank operators. For a given e > 0, partition the square 
Sk into finite union of squares {Si}f =l with pairwise disjoint interiors so that 

(6.7) yj wf(u)\du\^j<e 

for any I, 1 < I < L, and any £, z £ Si. Such a partition exists since Ik H Closa(6) = 0, 
> 1. Indeed, 6 is analytic in a neighborhood of Sk, and the norms involved in the 

definition of w p (z) are continuous on Sk- 

Now fix d £ Si and consider the finite rank operator T : 7Y(6) — > L 2 (fi), (Tf)(z) = 

Yld=i f{(i)XsX z )- We s h° w that \\X Sk — T\\ 2 < Ce. As in the proof of (a), we have 

\m K -T)f\\h {li) = Y.i i/c*) -/(cow*) 

1=1 
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^ E /- ( I \f(u)\W p {u)\du\) ■ ( [ w; 2 (u)\du\)d^z). 
By Theorem 0TH 

\f\u)\ 2 wl{v)\du\<C x \\ff h 



where C\ does not depend on / £ TC(b), 1 < I < L and z £ Si. Hence, by (EI 

L 

1=1 

We conclude that Xs K may be approximated by finite rank operators and is, therefore, 
compact. □ 

We comment now on a couple of details of the proof where the situation differs from 
the inner case. 

Remark 6.3. In the inner case b = G one can prove the estimate H/Hia^ < C||/||2 for 
functions / in Kq which are continuous on the closed upper half-plane C + and then use 
a result of Aleksandrov j3] which says that such functions are dense in Kq. We do not 
know if this result is still valid in Ti.(b). To avoid this difficulty, in the proof of Theorem 
16.21 we used the density in TL{b) of the functions continuous on all squares Sk- 

Question 6.4. Let b be in the unit ball of if°°(C + ). Is it true that the set of functions 
/ in H(b), continuous on C + , is dense in TC(b)7 

Remark 6.5. In the inner case, in Theorem 16.2} the assumption ( 16. 31) can be replaced 
by the weaker assumption (only for the lower side of the square) 

2/ 

k 



(6.8) sup / w p (u)\du\ < oo. 

fc>i Ji k 



It was noticed in (6j Corollary 4.7] that in the inner case, for q > 1, there exists C 
C(q) > such that, for any x £ R and < 3/2 < Vi, we have 

(6-9) \\kl +i J g <C(q)\\k b x+iy J q . 
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Thus, it follows from (16.91) that if the sequence {Sk} satisfies (16.81) . then it also satisfies 
(ED- 

Question 6.6. Does the monotonicity property (16.91) of the norms of the reproducing 
kernels along the rays parallel to imaginary axis remains true for a general 6? (It is true 
for q = 2, but this is not the interesting case for us.) 

Proof, of Theorem \6.1[ (a) Consider the open set E = M. \ Closf2(6, e). If E — 0, then [i 
is a Carleson measure and H{b) C H 2 (C + ) C L 2 (fi). So we may assume that E ^ and 
we can write it as a union of disjoint intervals A;. Note that J A[ (d £ (t))~ 1 dt = oo. Hence, 
partitioning the intervals A;, we may represent E as a union of intervals Ik with mutually 
disjoint interiors such that 

[d £ (t)Y 1 dt= 1 -. 

It follows that there exists Xk G such that d £ (xk) = 2\Ik\. Hence, for any x G Ik, 
d £ (x) > d £ (xk) — \Ik\ = \Ik\ an d d £ {x) < 3]Jfc|. This implies 

141 / [de(t)]~ 2 dt<l, 
J Ik 

and using Lemma [5.21 we conclude that the intervals Ik satisfy (16. 3ft . Condition ( 16.21) is 
obvious. 

Let Sk = S(Ik) be the Carleson square with the lower side Ik, let F = |J fc Sfc, an d let 
G = C + \ F. Put Hi = n\p and /i 2 = h\g- We show that the measure H\ satisfies the 
conditions of Theorem 16.21 whereas Hi is a usual Carleson measure (and, thus, H(b) C 
H\C + ) C L 2 (/i 2 )). 

Let us show that fii(Sk) < C*2|4|- Indeed, it follows from the estimate \Ik\ < d £ (x) < 
3\Ik\, x G Ik, that S(6Ik) H fl(b,e) ^ (by 61k we denote the 6 times larger interval 
with the same center as Ik)- By the hypothesis, fii(Sk) < n(S(6Ik)) < C\Ik\- Hence, Hi 
satisfies the conditions of Theorem 16.21 (a), and so Ti{b) C L 2 (fii). 
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Now we show that fi2 G C. Assume that S(I) H G 7^ for some interval Jcl, and let 
z = x + iy G S(I) n G. If x G Closfi(6,e), then 5(2/) n 0(6, e) ^ 0. Otherwise, if x G J fc 
for some fc, then c? £ (x) < 3|/fc| < 3|/| since z G S'(/) \ S(Ik)- Thus 

(6.10) 5(6J)nn(6,£)^0. 

By the hypothesis, fi2(S(I)) < fi(S(6I)) < C\I\, and so fi2 is a Carleson measure. 

(b) Let F, G, fii and be the same as above. We show that \i\ satisfies the conditions 
of Theorem 16.21 (b). whereas fi2 is a vanishing Carleson measure. Indeed, we can split the 
family {Sk} into two families {S^keK! and {Sk}keK 2 such that \Ik\ — > 0, k — > oo, G ifi, 
whereas dist (/fe,0) — > oo when A; — > oo, G iC 2 . Since S(6Ik) fl 0(6, e) ^ we conclude 
that Theorem 16.21 (b) applies to /ii and the embedding 7i(6) C L 2 ([ii) is compact. Finally, 
any Carleson square S'(/) with S'(/) fl G 7^ satisfies (16.10j) . and so, by the assumptions 
of Theorem 16.11 (b), fi2 is a vanishing Carleson measure. 

□ 

We state an analogous result for the spaces in the unit disc (for the case of inner 
functions statement (b) is proved in [8]; it answers a question posed in [TO]). 

Theorem 6.7. Let n be a Borel measure in the closed unit disc D, and let e G (0, 1). 

(a) Assume that /i(S(x, h) < Ch for all Carleson squares S(x, h) such that S(x, h) fl 
0(6, e) ^ 0. ThenUib) C L 2 (/i). 

(b) If, moreover, fi(S(x,h))/h — > when h — > and S(x,h) fl 0(6, e) 7^ 0, £/ien the 
embedding Ti(b) C L 2 (fi) is compact. 

For a class of functions b the converse to Theorem 16.11 is also true. We say that b 
satisfies the connected level set condition if the set 0(6, e) is connected for some e G (0, 1). 
Our next result is analogous to certain results from [11] and to [121 Theorem 3]. 
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Theorem 6.8. Let b satisfy the connected level set condition for some e G (0, 1). Assume 
that n(b,e) is unbounded and a(b) C Closfi(6, e). Let n be a Borel measure on C+. Then 
the following statements are equivalent: 

(a) H(b) C L 2 (/i). 

(b) There exists C > such that fi(S(x,h)) < Ch for all Carleson squares S(x,h) 
such that S(x, h) n Q(b, e) ^ 0. 

(c) There exists C > such that 

(6.11) / —4-^(0 < , zGC+. 

Jc + \(-z\ 2 1 -\K Z )\ 

Proof. The implication (b) ==>- (a) holds for any b by Theorem 16.11 and the implication 
(a) (c) is trivial (apply the inequality H/Hl 2 ^) < to / = k b z ). To prove that 

(c) ==>- (b), we use an argument from [32] • Let S(x,h) be a Carleson square such that 
S(x,/i) n 0(6, e) ^ 0. Since cr(6) C ClosO(6,e) it follows that S(x,2h) n fi(6,e) ^ 0. 
Choose Zi G S(x,2h) fl C + with < e. Now consider S(x,3h). Since fi(6,e) is 

connected and unbounded, there exists a point z 2 on the boundary of S(x, 3h) such that 
1^(^2)1 < £■ Hence, there exists a continuous curve 7 connecting zi and z 2 and such that 
\b\ < e on 7. Now let 2 = x + i/i. Applying the theorem on two constants to the domain 
Int S(x, 3h) \ 7 we conclude that \b(z)\ < 5 where 5 G (0, 1) depends only on e. Then 
inequality (16.111) implies 

IS — z \ 

It remains to note that \( — z\ < C\h, ( G S(x, h) to obtain [i(S(x, /i)) < C 2 h. 

□ 

Example 6.9. Examples are known of inner functions satisfying the connected level set 
condition. We would like to emphasize that there are also many outer functions satisfying 
the conditions of Theorem 16.81 For example, let b(z) = exp( ± logz), where logz is the 
main branch of the logarithm in C \ (— 00, 0]. 
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Remark 6.10. We see that if b satisfies the conditions of Theorem 16.81 then it suffices 
to verify the inequality H/H^^ < C||/||b for the reproducing kernels of the space H(b) 
to get it for all functions / in Ti{b). Recently, Nazarov and Volberg [2B| showed that it is 
no longer true in the general case. 



Another application of Bernstein inequalities for model subspaces Kq is considered 
in [TJ; it is connected with stability of Riesz bases and frames of reproducing kernels 
(kf ) under small perturbations of the points A n . Riesz bases of reproducing kernels in 
de Branges-Rovnyak spaces Ti(b) were studied in [19]. Making use of Theorem 14.11 we 
extend the results of [7j to the spaces H(b). 

For A G C + U E 2 (b), we denote by K b x the normalized reproducing kernel at the point 
A, that is, k\ = k b x /(2ni Let (k\ )„>i be a Riesz basis in T~C(b), let A.„ G G n and 

let G = |J G n C C + satisfy the following properties. 

(i) There exist positive constants c and C such that 



(ii) For any z n G G n , the measure v = J2 n ^[a„,z„] is a Carleson measure and, moreover, 
the Carleson constants C v of such measures (see (14. II) ) are uniformly bounded with 
respect to z n . Here [A n , z n ] is the straight line interval with the endpoints A n and 
z n , and S[x n , Zn ] is the Lebesgue measure on the interval. 

Remark 7.1. As in the inner case, it should be noted that for A n G C+, there always 
exist non-trivial sets G n satisfying (i) and (ii). More precisely, we can take 



7. Stability of bases of reproducing kernels 



c < 




G 



n 



{z G C + : \z — A n | < rim A n }, 
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for sufficiently small r > 0. Indeed, we know [19] that if (n b \ n ) n >i is a Riesz basis in Tt(b), 
then (A„) n ^i is a Carleson sequence, that is, 



inf n 

k>l 



An — Afc 



An — Afc 



> 0. 



In particular, the measure v := ^^ImAn^An is a Carleson measure. Therefore, we see 
that G n satisfy (ii). Moreover, using Lemma [7.31 below, we see that G n satisfy also the 
condition (i). 



Recall that w p (z) = min(||(A; 



b\2\\-p/(p+i) 



II n l l q 6? I 

> \\P -^zAl 



-p/(p+lh 



Theorem 7.2. Let (A n )„>i C C + U E 2 (b) be such that (n b x ) n >i is a Riesz basis in H(b) 
and let p G [1, 2). Then for any set G = [J n G n satisfying (i) and (ii) ; there is e > such 



that the system of reproducing kernels (n h 



(7.1) 



jn>l 



is a Riesz basis whenever fi n G G n and 



w p (z) 2 \dz\ < e. 



Proof. Since fi n G G n , the condition (i) implies that ||^J|& : 
is a Riesz basis if and only if )n>i is a Riesz basis where 

k b , 



\ k xJ\b and thus («£ ) n >i 



27ri || A; 6 



An 116 



In view of [7J Lemma 2.3], it suffices to check the estimate 

oo 

(7.2) £!</,< -^>6l 3 <e||/||g, fen®, 



n=l 



for sufficiently small e > 0. Now it follows from (17.11) and Corollary 15.41 (a) that any 
/ in Ti(b) is different iable in ]X n , fi n [. Moreover, the set of functions in 7i(b) which are 
continuous on [A„,/i„] is dense in Ti{b) (take the set of reproducing kernels). Therefore, 
we can prove (17.21) only for functions / G TC(b) continuous on [A n , fj, n ]. Then 



\/f „b ~b v ,2 _ l/(An.) - /OOP 



l^ b II 2 
I A,, life 



l/!r b II 2 



f\z) dz 
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By the Cauchy-Schwartz inequality and (17. II) . we get 

K/,<-or<^ / \f(z) Wp (z)\*\dz\. 

It follows from assumption (ii) that v := S[\ n ^ n ] is a Carleson measure with a constant 
C v which does not exceed some absolute constant depending only on G. Hence, according 
to Theorem 14.11 we have 



oo OO „ 

£l</,<-<> 6 | 2 <*E / 



(z)w p (z)\ \dz 



e\\fw p \\*<Ce 



(„) ^ ^ c 1 1 «y lib, 



for a constant C which depends on G, (A n ) and p. Then Lemma 2.3 of [7] implies that 
we can choose a sufficiently small e > such that (^ n )n>i is a Riesz basis in 7i(b). 

□ 

Denote by p(z,uj) the pseudohyperbolic distance between z and o>, 



z — UJ 



z — UJ 

For the proof of the next corollary we need the following well-known property. 

Lemma 7.3. Let b G H°°(C + ) with ||fc||oo < 1 ond £o £ (0, 1)- T/ien t/iere exzsi constants 
Ci,C2 > (depending only on Eq) such that for any z,u G C + satisfying p(z,uj) < Eq, we 
have 

(7.3) C, < i^Ml < C, 

1 - |6(u;)| 

Proof. For the case of an inner function, the proof can be found, e.g., in [7J Lemma 4.1]. 
Since for < ti,t 2 , s±, s 2 < 1, we have 

1 - txia 1 - t x , 1 - t 2 



1 - sis 2 1-si l-s 2 ' 
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the inner and outer factors of b can be treated separately and we can assume that b is 
outer. It follows easily from p(z, u>) < eo that 

2e 

(7.4) \z — lo\ < Imou 



and 



Hence 



1 - £ 



e ^ Imz ^ 1 + e 



1 + Eq Imw l — ^o 



Imz f | log \b{t)\ | ^^Im^ f |log|6(*)l| df 



7T Jr \t-Z\ 2 7T J R \t-U\ 

Since b is outer, we have 

(7.5) logm]= jj^f\j^m itxlogmi 

which implies 1 — |&(z)| x 1 — |6(u;)|. 



□ 



Corollary 7.4. Lei (A n ) C C +; let (n b x ) n >i 6e a i?zes2 fraszs m 7Y(&), and /et 7 > 1/3. 
T/ien i/iere is e > s«c/i t/iat t/ie system («L )n>i a i?zesz fraszs whenever 

(7.6) < 6(1-16(^)1)7. 

Proof. By Remark 17. 1[ for sufficiently small r > 0, the sets G n = {z : |,z — A n | < rImA n } 
satisfy the conditions (i) and (ii). Let (/i n ) n >i satisfy (17.61) . Then, by (17.41) . we have 

(7.7) |A n - fi n \ < ^-(1 - \b(X n )\y ImA n . 

Therefore, if £ is sufficiently small, then fi n e G n . Without loss of generality, we can 
assume that 7 < 1 and since 7 > 1/3, there exists 1 < p < 2 such that 2^- = 1 — 7. Let 



q be the conjugate exponent of p and note that 3p , =1—7. 



p+i 

Then it follows from Lemma [3.51 that there is a constant C = C(p) > such that 

Imz 

(1 - i&^D^w 



Wp(^) > C 5 — , z e C+. 
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Therefore, by Lemma [7.31 we have 

Wp {Z) - Cl (ImA„) 2 

for z G [A n ,/x n ]. Hence, 

1 [ ,\-iu\sn ImA " i. (1 - IMA.JI) 1 -' 

PUT u ' (2) l<fc| - C2 ^wx#" ~ ^ w 

and using ( 17. 7ft . we obtain 

,1,6 p / ^p(^)" 2 |^l < Ck- 

ll ft A„ life •/[A„,/i„] 

To complete the proof, take a sufficiently small e and apply Theorem 17.21 



□ 



Remark 7.5. It should be noted that all the statements remain valid if we are interested 
in the stability of Riesz sequences of reproducing kernels, that is, of systems of reproducing 
kernels which constitute Riesz bases in their closed linear spans. 

Remark 7.6. In the case where 

(7.8) sup|6(A n )| < 1, 

n>l 

the stability condition (17.61) is equivalent to 

A n ~ fJ'r. 



<e, 



An /^n 

and we essentially get the result of stability obtained in the inner case in [18] . Moreover, if 
b is an extreme point of the unit ball of -ff°°(C + ) and if (17.81) is satisfied, then a criterion 
for (k" ) to be a Riesz basis of 7~C(b) is given in [19] . On the other hand, in the non- 
extreme case, there are no Riesz bases of Ti.(b) and the previous results (Theorem 17.21 and 
Corollary 17.41) apply only for Riesz sequences. 
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